ABSTRACT The Belousov-Zhabotinsky (BZ) reaction is a complex chemical reaction exhibiting sustained oscillations observed in some real biological oscillators. However, its oscillatory behavior is represented by a simple mechanism, called the Oregonator. Since delay induces unexpected behaviors, the dynamics in BZ reaction in the presence of delays has not been sufficiently addressed. In order to understand the effects induced by the delay parameter in the reaction, by using a two-delay Oregonator-based model, we address the qualitative properties (positivity, boundedness, and stability) of the model in terms of delayed-concentration and delayed-activation. Numerical results are presented to verify the properties of the model described by a qualitative/quantitative analysis.
I. INTRODUCTION
Periodic oscillation occurs in the simplest electric circuit and as far as in intricate networks of neurons in the brain [1] , [2] . It is often generated by regulatory mechanisms controlling many aspects of biological systems. The analogy between the oscillatory behaviors encountered in biological systems and chemical reactions, as presented in [3] and [4] , leads to grasp dynamic properties of these reactions in order to understand vital functions in living systems.
Chemical reactions are often modeled by using massaction kinetics. The law of mass-action states that the velocity of a reaction is proportional to the product of the concentrations of reactants raised to the power of their stoichiometric coefficients [5] . This leads to models expressed by ordinary (polynomial) differential equations (ODEs) with positive solutions for positive initial conditions [6] . However, as delays naturally appear in chemical reactions due to the transportation phenomena, delay differential equations (DDEs) may be required to describe such dynamics. Unlike ODEs, positivity and boundedness of the solution may not be guaranteed for positive initial functions, because a solution of DDEs requires the definition of an infinite-dimensional set of initial functions on a certain time interval. Thus, unfortunately, ''standard'' mass-action kinetics may not be used unless delays are ignored. However, delayed mass-action kinetics lead to more accurate models by conserving the simplicity and a relatively reduced number of parameters [7] - [9] . In addition, certain biochemical reactions can be described more realistic by using DDEs representation [10] . On the other hand, delays may not be necessarily useful for certain reversible chemical reactions.
The Belousov-Zhabotinsky (BZ) reaction is a complex chemical reaction considered as a prototype for biochemical oscillators due to its analogy with biological oscillators [2] , [3] . Its irreversible mechanism is described through a simple model, called Oregonator, which conserves its oscillatory feature [11] . By using delayed mass-action kinetics, the Oregonator is described by fewer variables in [9] and [12] . In [12] , only one of two proposed models exhibits periodic oscillations. However, the model does not satisfy the law of massaction properly, since the velocity of one of the reactions, whose all reactants are assumed to appear some time units after the mass-action step, is not proportional to the product of delayed concentrations of the reactants. In [9] , it is shown that the solutions of the proposed model and the Oregonator model qualitatively match, nevertheless, arising delays due to the physical constraints that have not been taken properly into account. In addition, delay effects in the Oregonator preserving the relaxation oscillatory feature are considered in [13] .
Since delays induce unexpected behaviors [14] , the kind of complex dynamics arising in realistic BZ reaction may be understood if the delays induced by some of the physical constraints specific to the systems are considered. Note that, according to [7] , oscillations are (strongly) connected to the presence of some chemical variables exhibiting a negatively delayed feedback loop in the reaction. To the best of the authors' knowledge, delay effects in such models have to be deeply analyzed. By considering a two-delay Oregonator (TDO)-based model in [15] , we investigate the dynamic properties of the model by taking into account the delays due to the physical constraints and the reaction mechanism, which characterize its oscillatory feature. In order to do so, unlike common methodologies, a set of parameters and positive history functions, for which the solutions of the model are positive and bounded, will be explicitly determined. The latter result is then used to establish asymptotic stability. Finally, invariance properties of the model are investigated. For the brevity of the letter, the proofs are omitted and the reader is referred to the full version of the paper [22] .
II. DELAY MODEL OF THE OREGONATOR
Roughly speaking, the BZ reaction can be described as the presence of two different processes occurring simultaneously. The process, which dominates the reaction, depends on the bromide-ion concentration. The oscillatory behavior starts whenever bromide-ion concentration is sufficiently high to be consumed by bromous acid which leads to initiate the other process that indirectly compels the production of bromide ion again. This mechanism is described by the Oregonator model with the following kinetic equations [11] :
where A and B are chemical species assumed to be in fixed concentrations, Y (Bromide ion), X (Bromous acid), and
, is a rate constant and f denotes some stoichiometric factor. Note that, chemical reactions start when the reactants have some amount of energy, called ''activation energy,'' which, naturally, does not happen instantaneously. In addition, the molecules, which are activated and have the required minimum activation energy, do not react immediately [16] . Reconsidering Oregonator mechanism in light of the remarks above, it is more realistic to assume that the outputs of (R 1 ) appear after some delay with respect to the beginning of the reaction. Therefore, Y in (R 1 ) will be subject to a delay, simply called ''delayed-concentration.'' The meaning of ''delayed-concentration'' term is completely different from the one used in [12] from the modeling and physical (usual) understanding. In [12] , it is claimed that the oscillatory mechanism stems from the regeneration of bromide-ion in (R 5 ), which takes some amount of time. Then, inspired by the approach of [9] , where the mechanism preserved by kept if some delay acting on X in (R 3 )-called ''delayed activation''-which is a widely used approach in gene regulatory systems [17] , a TDO-based model is considered in [15] . By using delay-mass-action kinetics, the dynamics of the model can be read aṡ
where τ 1 corresponds to the ''physical constraints,''
Throughout this letter, R n + is the set of n-tuples with entries in R + , which is the set of positive real numbers, C is the Banach space of continuous functions mapping from [−τ, 0) into R + , and C + := {s ∈ C| Real(s) ≥ 0}.
III. QUALITATIVE/QUANTITATIVE ANALYSIS
Solutions of a TDO-based model for some positive history functions correspond to the concentration of some chemical variables in the reaction. That is why the equilibrium point(s) and the solutions of the model need to be positive, and the solution should be bounded [5] .
A. POSITIVITY AND BOUNDEDNESS OF SOLUTIONS OF THE MODEL
It is easy to see that the model has a unique positive equilibrium point (x * , y * ), where y * = f * x * /(1 + x * ) and x * is the unique positive solution of
for a given (f * , q * ) iff f * ∈ R + and q * = 1. Proposition 1: If (f * , q * ) ∈ R + × R + \{1} and (η, α) ∈ R 2 + , solutions of the model with positive history functions are positive and bounded.
Remark 1: The positive equilibrium point of the model is the same as in [11] , since the solutions do not change in time at equilibrium.
B. LINEAR STABILITY AND SPECTRAL PROPERTIES
Let (f * , q * , η, α) ∈ R 4 + . Then, the characteristic function of the linearized model around (x * , y * ) can be written as
where As expected, this terminates the oscillatory feature [18] . Proposition 3: Let f ∈ (0.8, 1.1) and assume that q 1. Then the characteristic function has a real zero in (γ /τ * , 1/τ * ), whenever τ 1 ≥ τ * /γ and assume that τ 2 ≥ τ * , where 1 > γ > log(ϕ)
Remark 4:
The initial conditions may generate unstable solutions; however, the positivity and boundedness of solutions may yield sustained oscillatory behavior (see Section IV).
Proposition 4: If τ 1 = 0, solutions of the linear model oscillate only at the frequency
where f * = 1, η = 1 + x * , and q * 1. Otherwise, there exists a frequency window while τ 1 and τ 2 vary in some interval.
Remark 5: Presence of delayed concentration in the model yields that the negative delayed feedback provides sustained oscillation, since the oscillatory behavior is robust against the small perturbations on delays. Furthermore, multiplicity of imaginary axis zeros of the characteristic function becomes 2, without having its counterpart in the finite-dimensional case; hence, dynamic properties of the model become richer [15] .
C. INVARIANCE PROPERTIES OF THE MODEL
Proposition 5: Let parameters of the model in (1) and (2) be in
Then, for constant initial conditions and history functions, the solutions starting in S will not leave this set
Moreover, if the history function of each variable is bounded by the corresponding initial condition, the solutions stay in S. Remark 6: The boundedness property implies that whenever the solutions start far away from their equilibrium, they converge to a bounded set, which may be a limit cycle.
IV. NUMERICAL RESULTS
The numerical solutions of the TDO-based model and Oregonator in [18] , where it is assumed that Y in (R 1 ) is subject to a delay, are presented in Fig. 1 . The solutions exhibit sustained oscillations and qualitatively match. By the use of DDE-BIFTOOL package [20] , the curve separating (τ 1 , τ 2 ) parameter space into regions, where the number of righthalf plane zeros of the characteristic function is constant, is presented in Fig. 2(a) . Since those regions are found by numerical continuation techniques, the amount of computation was significantly reduced by Proposition 2. The points on the curve in Fig. 2(a) correspond to the presence of imaginary axis zeros of the characteristic function; however, TDO-based VOLUME 3, NO. 3, SEPTEMBER 2017 model exhibits oscillatory behavior for a point on this curve. Moreover, its frequency is the corresponding imaginary axis zero of the characteristic function (see Fig. 1 ). Note that the characteristic function has imaginary axis zeros only if τ 2 > 0, which is an expected result (Remark 3). In addition, there exists a finite interval on the positive imaginary axis for which zeros of the characteristic function lie if and only if τ 1 > 0. Furthermore, as observed in Fig. 2(b) sufficiently large τ 1 compared to τ 2 induces zeros in C + . The solution of the model exhibits stable behavior if τ 1 = 0 [see Fig. 2(c)] ; however, the initial conditions yield an unstable steady state, and the systems move away from it and evolves in a closed curve, as shown in Fig. 2(d) if τ 1 > τ 2 , even τ 2 is responsible for oscillation.
V. CONCLUSION
In this letter, a TDO-based chemical oscillator is considered to investigate the delay effects in dynamic features of certain biological oscillators. The considered model has a positive equilibrium point, and positive and bounded solutions for positive initial conditions, which makes it acceptable from the chemical point of view. It is shown by numerous simulations that the solution of the model qualitatively matches with the solution of the Oregonator model. In addition, when the steady state becomes unstable, solutions of the model stay in a closed curve. It is shown by qualitative/quantitative analysis that the numerical computations that the underlying mechanism of certain biochemical oscillators can be represented by fewer variables including delayed activation and concentration, while their appropriate oscillatory features are preserved. Furthermore, these delays induce complex behaviors (see Remark 5) . Note that the model may be used to describe the dynamics of various regulatory mechanism. For instance, if we let x and y be the number of messenger molecules and the corresponding protein in an autoregulatory gene, then delayed concentration corresponds to time between the initiation of transcription and the arrival of the mature messenger, and delayed activation corresponds to delay between the initiation of translation and complete protein molecule [21] .
